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Abstract
An analytic characterization of gaugeability and conditional gaugeability is given for non-
local (or discontinuous) Feynman–Kac transforms of general symmetric Markov processes.
This analytic characterization is very useful in determining whether a process perturbed by a
potential is gaugeable or conditionally gaugeable in concrete cases.
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1. Introduction
Suppose that D is a bounded domain in Rn and q is a function on D in some
suitable Kato class. Let GD and GD;q denote the Green functions for
1
2
D and 1
2
Dþ q in
D with Dirichlet boundary condition, respectively. It can be shown (cf. [4]) that
GD;qðx; yÞ
GDðx; yÞ ¼ E
y
x exp
Z zy
0
qðX ys Þ ds
 !" #
for x; yAD: ð1:1Þ
Here X y denote the conditional Brownian motion in D conditioned to exit D from
point y; zy is the lifetime of X y; and Eyx denotes the expectation under the law of X
y
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starting from x: Denote the function in the right-hand side of (1.1) by uðx; yÞ; which
is called the conditional gauge function of ðD; qÞ in literature. A conditional gauge
theorem says that under suitable conditions on D and q; the conditional gauge
function u is either identically inﬁnite or bounded between two positive constants. If
the latter happens, then GD;q and GD are comparable and so two differential
operators 1
2
D and 1
2
Dþ q share many potential theoretic properties. The conditional
gauge theorem for Brownian motion was established by Falkner, Zhao, Chung,
Cranston-Fabes-Zhao, etc. (see [13] for the history). Closely related is the gauge
function
gðxÞ ¼ Ex exp
Z z
0
qðXsÞ ds
  	
for xAD;
where X is the Brownian motion in D killed upon leaving domain D and z is its
lifetime. A gauge theorem asserts that under suitable conditions on D and q; g is
either bounded or identically inﬁnite. The gauge theorem for Brownian motion was
ﬁrst proved by Chung and Rao [7] for bounded q and later was generalized to more
general q by various authors. For the history of this theorem, we refer the reader to
the book [13] by Chung and Zhao. It is known that conditional gauge theorems are
much deeper than gauge theorems. It is observed in [11] that the geometry of D is
reﬂected in the Brownian motion X in D killed upon leaving D: So a robust
condition for both gauge and condition gauge theorems should be on the process X
itself and the potential q:
The ﬁrst conditional gauge theorem for discontinuous processes was established in
[11] for symmetric stable processes. Very recently general gauge and conditional
gauge theorems have been established in [11,12] and in [4] for a large class of strong
Markov processes X which may not be symmetric or have continuous sample paths
and for a large class of possibly singular potentials. We remark that gauge theorems
have been proved for quite general Markov processes in [8] and in [22] under some
variant assumptions and settings other than those in [11,12].
In [4], it has been established that for a large class of processes and possibly
singular potentials, the conditional gauge function is bounded if and only if the
gauge function is bounded (see Theorem 2.1(3)). In view of (1.1), it is important to
know when a gauge or conditional gauge function is bounded. For Brownian motion
in a domain D that has ﬁnite Lebesgue measure, it is known (see [13]) that the gauge
function is bounded if and only if the top of the L2 spectrum of 1
2
Dþ q in D is strictly
negative. For the case of Brownian motion in Rn; Zhao [26] introduced a shuttle
operator on a space of continuous functions equipped with uniform norm and
showed that the conditional gauge function is bounded if and only if the spectral
radius of the shuttle operator is less than one. In [23], using a large deviation method,
Takeda [23] derived an analytic characterization in terms of certain L2-spectral
radius for a large class of symmetric Markov processes whose Green functions
satisfy certain regularity conditions. Chen [4] subsequently extended Takeda’s
characterization further and removed the extra regularity assumptions on
Green functions (see Theorem 3.1) using a different approach. The analytic
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characterization in [4,23] are all for local (or continuous) Feynman–Kac transforms.
These analytic characterizations are very useful in determining whether a process
perturbed by a potential is gaugeable or conditionally gaugeable in concrete cases, as
illustrated by several interesting examples in [23,24].
In [4,12], gauge and conditional gauge theorems have also been established for the
following type of non-local transforms:
eAmþF ðtÞ ¼ exp Amt þ
X
0ospt
FðXs;XsÞ
 !
; tX0; ð1:2Þ
where Amt is a continuous additive functional of X with signed Revuz measure m and
Fðx; yÞ is a bounded function that vanishes along the diagonal. The Feynman–Kac
transform (1.2) deﬁnes a semigroup
Qtf ðxÞ :¼ Ex½eAmþF ðtÞf ðXtÞ: ð1:3Þ
As it is shown by Theorem 4.6 in [12], fQt; tX0g is a semigroup having inﬁnitesimal
generator of the form Lþ mHFþ m; where L is the inﬁnitesimal generator for the
semigroup of X and F is a non-local linear operator deﬁned by
Ff ðxÞ :¼
Z
E
ðeFðx;yÞ  1Þf ðyÞNðx; dyÞ; xAE: ð1:4Þ
Here (N;H) is a Le´vy system of X and mH is the Revuz measure of H (see Section 2
for details). So the Schro¨dinger semigroup in (1.3) deﬁnes a non-local perturbation
of X : It has been shown in [4] that under the assumption of mðEÞoN and
jjG1jjNoN; the gauge function gðxÞ ¼ Ex½eAmþF ðzÞ is bounded if and only if the
Schro¨ndinger operator Lþ mHFþ m has strictly negative L2 spectrum away from
zero (see Theorem 3.3). The purpose of this paper is to give an analytic
characterization of the gaugeability and conditional gaugeability for such non-local
Feynman–Kac transforms without the restriction of mðEÞoN and jjG1jjNoN:
The basic idea behind the proof of the analytic characterization for local Feynman–
Kac transforms in both [4] and [23] is to relate the gauge function to the expected
value of the exponential of the lifetime for the Markov process obtained from X by
ﬁrst kill it with rate m and then by a time change corresponding to Revuz measure
mþ: This approach cannot be applied directly to the non-local Feynman–Kac
transform case, since we do not have the exact analytic characterization for the time
change of symmetric Markov processes by discontinuous additive functionals. We
will overcome this difﬁculty by decomposing a non-local Feynman–Kac transform
into two steps: a pure jump Girsanov transform followed by a local Feynman–Kac
transform, and by applying the results obtained recently in [10] for pure jump
Girsanov transforms.
The rest of the paper is organized as follows. In Section 2, we collect some basic
deﬁnitions and results and give some examples, including an example that illustrate
the Kato class S1ðX Þ introduced in [4,11] is almost optimal for the validity of the
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conditional gauge theorem. In Section 3, we establish the main result, Theorem 3.4,
of this paper and give one example.
In this paper, we use ‘‘:¼’’ as a way of deﬁnition, which is read as ‘‘is deﬁned to
be’’. For functions f and g; notation ‘‘fEg’’ means that there exist constants
c24c140 such that c1gpfpc2g: For two real numbers a and b; a4b :¼ minfa; bg:
For a set K in a space E; we use Kc to denote its complement in E; that is, Kc :¼
E\K : For a function f deﬁned on E; jj f jjN :¼ supxAE j f ðxÞj: The convention of
inf | ¼N is in force throughout the paper. All additive functionals in this
paper should be understood in the strict sense, i.e., in the sense of Blumenthal and
Getoor [2].
2. Kato classes and gaugeability
Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset of a
compact metric space) and BðEÞ be the Borel s-algebra on E: Let m be a Borel s-
ﬁnite measure on E with supp ½m ¼ E and X ¼ ðO;M;Mt;Xt;Px; xAEÞ be an m-
symmetric irreducible transient Borel standard process on E with lifetime z (cf. [20]
for the terminology). Let ðE;FÞ denote the Dirichlet form of X (see [17,19]), that is,
if we use L to denote the inﬁnitesimal generator of X ; then F is the domain of the
operator
ﬃﬃﬃﬃﬃﬃﬃﬃﬃLp and for u; vAF;
Eðu; vÞ ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lu
p
;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lv
p
ÞL2ðE;mÞ:
The transition operators Pt; tX0; are deﬁned by
Ptf ðxÞ :¼ Ex½ f ðXtÞ ¼ Ex½ f ðXtÞ; toz:
(Here and in the sequel, unless mentioned otherwise, we use the convention that a
function deﬁned on E takes the value 0 at the cemetery point @:) We assume that
there is a Borel symmetric function Gðx; yÞ on E  E such that
Ex
Z N
0
f ðXsÞ ds
 	
¼
Z
E
Gðx; yÞf ðyÞmðdyÞ
for all measurable fX0: Gðx; yÞ is called the Green function of X : The Green
function G will always be chosen so that for each ﬁxed yAE; x/Gðx; yÞ is an
excessive function of X :
A set B is said to be m-polar if PmðsBoNÞ ¼ 0; where sB :¼ infft40: XtABg:We
call a positive measure m on E a smooth measure of X if there is a positive
continuous additive functional (PCAF in abbreviation) A of X such that
Z
E
f ðxÞmðdxÞ ¼ m lim
tk0
Em
1
t
Z t
0
f ðXsÞ dAs
 	
ð2:1Þ
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for any Borel fX0: Here mlimtk0 means the quantity is increasing as tk0: The
measure m is called Revuz measure of A: We refer to [17] for the characterization of
smooth measures in terms of nests and capacity.
For any given positive smooth measure m; deﬁne GmðxÞ ¼ R
E
Gðx; yÞmðdyÞ: It is
known (see [21]) that for any positive smooth measure m of X ;Z
E
uðxÞ2mðdxÞpjjGmjjN Eðu; uÞ for uAF: ð2:2Þ
Recall that as X is assumed to have a Green function, any m-polar set is polar.
Hence, by (2.2) a PCAF A in the sense of [17] with an exceptional set that has a
bounded potential (that is, x/Ex½Az ¼ Gm is bounded almost everywhere on E;
where m is the Revuz measure of A) can be uniquely reﬁned into a PCAF in the strict
sense (as deﬁned in [17, p. 195]). This can be proved by using the same argument as
that in [17, proof of Theorem 5.1.6].
The following deﬁnitions are taken from [4].
Deﬁnition 2.1. Suppose that m is a signed smooth measure whose associated
continuous additive functional of X is A: Let Aþ and A be the PCAFs of X with
Revuz measures mþ and m; respectively. Let jAj ¼ Aþ þ A and jmj ¼ mþ þ m:
(1) Measure m is said to be in the Kato class of X ; KðX Þ in abbreviation, if
lim
t-0
sup
xAE
Ex½jAjt ¼ 0:
(2) m is said to be in the class KNðXÞ if for any e40; there is a Borel set K ¼ KðeÞ
of ﬁnite jmj-measure and a constant d ¼ dðeÞ40 such that for all measurable set
BCK with jmjðBÞod;
jjGð1Kc,BjmjÞjjNoe: ð2:3Þ
(3) m is said to be in the class K1ðXÞ if there is a Borel set K of ﬁnite jmj-measure
and a constant d40 such that
b1ðmÞ :¼ sup
BCK : jmjðBÞod
jjGð1Kc,BjmjÞjjNo1:
(4) A function q is said to be in class KðXÞ; KNðXÞ or K1ðXÞ; if mðdxÞ :¼ qðxÞmðdxÞ
is in the corresponding spaces.
Suppose that m is a positive measure in K1ðX Þ: By Propositions 2.2 in [4], Gm is
bounded and so (2.2) is satisﬁed. Therefore, the PCAF corresponding to m can and is
always taken to be in the strict sense.
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Deﬁnition 2.2. Let m be a signed smooth measure on E:
(1) m is said to be in the class SNðXÞ if for any e40 there is a Borel subset
K ¼ KðeÞ of ﬁnite jmj-measure and a constant d ¼ dðeÞ40 such that for all
measurable set BCK with jmjðBÞod;
sup
ðx;zÞAðEEÞ\d
Z
Kc,B
Gðx; yÞGðy; zÞ
Gðx; zÞ jmjðdyÞpe: ð2:4Þ
(2) The measure m is said to be in the class S1ðY Þ if there is a Borel set K of ﬁnite
jmj-measure and a constant d40 such that
b2ðmÞ :¼ sup
BCK :jmjðBÞod
sup
ðx;zÞAðEEÞ\d
Z
Kc,B
Gðx; yÞGðy; zÞ
Gðx; zÞ jmjðdyÞo1:
(3) A function q is said to be in class SNðX Þ or S1ðX Þ; if mðdxÞ :¼ qðxÞmðdxÞ is in
the corresponding spaces.
Clearly, KNðXÞCK1ðXÞ and SNðXÞCS1ðXÞ: We have from [4] that
SNðX ÞCKNðXÞ and S1ðXÞCK1ðX Þ:
Let ðN;HÞ be a Le´vy system for X (cf. [1,20, Theorem 47.10]); that is, Nðx; dyÞ is a
kernel from ðE;BðEÞ to ðE;BðEÞÞ satisfying Nðx; fxgÞ ¼ 0; and Ht is a PCAF of X
with bounded 1-potential such that for any non-negative Borel function f on E  E
vanishing on the diagonal and any xAE;
Ex
X
spt
f ðXs;XsÞ; toz
 !
¼ Ex
Z t
0
Z
E
f ðXs; yÞNðXs; dyÞ dHs
 
: ð2:5Þ
The Revuz measure for H will be denoted as mH : If, in addition, X is special,
that is, if XT is sð,nMTnÞ-measurable whenever fTng is an increasing
sequence of stopping times with limit T ; then its lifetime z does not have
accessible part at which X jumps and so the above Le´vy kernel Nðx; dyÞ
can be extended to a kernel on ðE@;BðE@ÞÞ; where E@ ¼ E,f@g; such that
for any nonnegative Borel function f on E  E@ vanishing on the diagonal and any
xAE;
Ex
X
spt
f ðXs;XsÞ
 !
¼ Ex
Z t
0
Z
E@
f ðXs; yÞNðXs; dyÞ dHs
 
: ð2:6Þ
Deﬁnition 2.3. Suppose F is a bounded function on E  E vanishing on the
diagonal d: It is always extended to be zero off E  E: Deﬁne mF ðdxÞ :¼
ðR
E
Fðx; yÞNðx; dyÞÞmHðdxÞ:
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(1) We say F belongs to the class JNðX Þ if the measure
mjF jðdxÞ :¼
Z
E
jFðx; yÞjNðx; dyÞ
 
mHðdxÞ
belongs to KNðXÞ:
(2) F is said to be in the class ANðX Þ if for any e40 there is a Borel subset
K ¼ KðeÞ of ﬁnite mjF j-measure and a constant d ¼ dðeÞ40 such that for all
measurable set BCK with mjF jðBÞod;
sup
ðx;wÞAðEEÞ\d
Z
ððK\BÞðK\BÞÞc
Gðx; yÞjFðy; zÞjGðz;wÞ
Gðx;wÞ Nðy; dzÞmHðdyÞpe: ð2:7Þ
(3) F is said to be in the class A2ðXÞ if FAANðXÞ and if the measure mjF jASNðXÞ:
As it is remarked in [4], by measure theory, the Borel set K in above Deﬁnitions
2.1–2.3 can be taken to be compact.
It is easy to see from the deﬁnition that if FAANðXÞ satisﬁes
inf
x;yAE
Fðx; yÞ4 1;
then lnð1þ Fðx; yÞÞ is also in ANðXÞ:
We now give three concrete examples to illustrate these Kato classes.
Example 2.1. Let X be a symmetric a-stable process in Rn with aAð0; 2Þ and nX2;
where the symmetrizing measure mðdxÞ is the Lebesgue measure on Rn: The Dirichlet
form for X is ðE;FÞ; where
Eðu; vÞ ¼ 1
2
Aðn;  aÞ
Z
RnRn
ðuðxÞ  uðyÞÞðvðxÞ  vðyÞÞ
jx  yjnþa dx dy
and F is the completion of CNc ðRnÞ; the space of smooth functions with compact
support in Rn; under the norm Eðu; uÞ1=2 þ jjujjL2ðRnÞ: Here
Aðn;aÞ ¼ a G
nþa
2
 
21apn=2G 1 a
2
  ð2:8Þ
and G is the Gamma function deﬁned by GðlÞ ¼ RN0 tl1et dt for l40: The process
X has Le´vy system ðNðx; dyÞ;HÞ; with Nðx; dyÞ ¼ Nðx; yÞ dy ¼Aðn;aÞjx 
yjðnþaÞ dy and Ht ¼ t so mHðdxÞ ¼ dx: The Green function of X is given by
Gðx; yÞ ¼ 2apn=2G n  a
2
 
G
a
2
 1
jx  yjan; x; yARn
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(see, for example, [2]). It is shown in [4, Theorem 2.1] that
(a) a signed measure m is in KðXÞ if and only if it is a Kato measure in the classical
sense; that is,
lim
r-0
sup
xARn
Z
Bðx;rÞ
jx  yjanjmjðdyÞ ¼ 0; ð2:9Þ
where Bðx; rÞ denotes the ball in Rn centered at x with radius r;
(b) a ﬁnite signed measure m is in KNðXÞ if and only if it is in KðX Þ;
(c) a signed measure m is in KNðXÞ if and only if it is Green-tight in the sense of
Zhao [26]; that is, both (2.9) and the following condition
lim
R-N
sup
xARn
Z
Bð0;RÞc
jx  yjanjmjðdyÞ ¼ 0 ð2:10Þ
are satisﬁed.
It is easy to see that condition (2.9) is satisﬁed for mðdxÞ ¼ qðxÞdx if qALpðRnÞ for
some p4n=a: Since
Gðx; yÞGðy; zÞ
Gðx; zÞ pcðGðx; yÞ þ ðGðy; zÞÞ;
we have SNðX Þ ¼ KNðX Þ:
Let K be a subset of Rn that has ﬁnite Lebesgue measure. We claim that if F is a
bounded Borel function on Rn  Rn such that
jFðx; yÞjpc jx  yjg for x; yAK and Fðx; yÞ ¼ 0 elsewhere; ð2:11Þ
where c and g are two positive constants such that g4a; then FAA2ðXÞCANðX Þ:
This is because for y; zAK ;
Gðx; yÞjFðy; zÞjGðz;wÞ
Gðx;wÞ Nðy; zÞ
pc jx  wj
na
jx  yjnajy  zjnþagjz  wjna
 
pc 1jz  wjnajy  zjnþag þ
1
jx  yjnajy  zjnþag
 
þ 1jx  yjnajz  wjnajy  zj2ag
!
:
Since F vanishes outside K  K ; to see that FAANðX Þ; by the deﬁnition of ANðX Þ;
it sufﬁces to show that for any e40; there is a d40 such that for any Borel set BCRn
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with mðBÞod
sup
x;wARn
Z
B
dy
Z
K
1
jx  yjnajz  wjnajy  zj2ag dzpe: ð2:12Þ
By Ho¨lder’s inequality,
sup
y;wARn
Z
K
1
jz  wjnajy  zj2ag dzoN
and so (2.12) follows. This proves that FAANðX Þ: The function F is also in the class
A2ðXÞ; as
Z
Rn
jFðx; yÞjNðx; dyÞpc
Z
K
jx  yjnþðgaÞ dy
is bounded for xAK and is zero elsewhere.
Recall that a bounded open set D in Rn is said to be C1;1 if there is a localization
radius r040 and a constant L40 such that for every QA@D; there is a C1;1-
smooth function f ¼ fQ : Rn1-R satisfying fð0Þ ¼ 0; jjrfjjNpL; jrfðxÞ 
rfðzÞjpLjx  zj; and an orthonormal coordinate system y ¼ ðy1;y; yn1; ynÞ :¼
ðy˜; ynÞ such that BðQ; r0Þ-D ¼ BðQ; r0Þ-fy : yn4fðy˜Þg:
Example 2.2. Suppose that X D is a killed symmetric a-stable process in a bounded
C1;1 open set DCRn with aAð0; 2Þ and nX2; that is, X Dt ¼ Xt for totD :¼
ft40: XteDg and X Dt ¼ @ for tXtD; where X is the symmetric a-stable process in
Rn: The process X D is a Hunt process so it has a Le´vy system ðN;HÞ in the sense of
(2.6), with Ht ¼ t (so mHðdxÞ ¼ dx), Nðx; dyÞ ¼Aðn;aÞjx  yjðnþaÞdy on D:
Nðx; @Þ ¼ kDðxÞ :¼Aðn;aÞ
Z
Dc
jx  yjðnþaÞ dy for xAD: ð2:13Þ
The Dirichlet form on L2ðD; dxÞ for X D is ðE;FDÞ; where
Eðu; vÞ ¼ 1
2
Aðn;aÞ
Z
DD
ðuðxÞ  uðyÞÞðvðxÞ  vðyÞÞ
jx  yjnþa dx dy
þ
Z
D
uðxÞvðxÞ kDðxÞ dx
and FD is the completion of CNc ðDÞ; the space of smooth functions with compact
support in D; under the norm Eðu; uÞ1=2 þ jjujjL2ðDÞ: Let GD be the Green function of
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X D: It is established in [9,18] that
GDðx; yÞEmin 1jx  yjna;
dDðxÞa=2dDðyÞa=2
jx  yjn
( )
for x; yAD: ð2:14Þ
Here dDðxÞ denotes the Euclidean distance between x and Dc: Using (2.14), one can
show (see [10, Example 1]) that a Borel function q on D is in SNðX DÞ and hence in
KNðX DÞ if
jqðxÞjpf ðxÞ þ cdDðxÞb for almost every xAD; ð2:15Þ
where c and b are positive constants such that boa; and fX0 is a function on D
satisfying (2.9). It is illustrated in [9, Example 2] that if F is a bounded function on
D  D satisfying the inequality
jFðx; yÞjpCjx  yjg; x; yAD ð2:16Þ
for some constants g4a and C40; then FAANðX DÞ: In fact such a function F is
also in the class A2ðX DÞ; as the functionZ
D
jFðx; yÞjNðx; dyÞpc
Z
D
jx  yjnþðgaÞ dy
is bounded on D and therefore is in the class SNðXÞ:
Example 2.3. Let Y be the censored a-stable process in a bounded C1;1 open set
DCRn with aAð1; 2Þ and nX2 (cf. [3]). The process Y is the symmetric Markov
process in D whose Dirichlet form is ðC;W a=2;20 ðDÞÞ on L2ðD; dxÞ; where
Cðu; vÞ ¼ 1
2
Aðn;aÞ
Z
DD
ðuðxÞ  uðyÞÞðvðxÞ  vðyÞÞ
jx  yjnþa dx dy:
Here Aðn;aÞ is the constant given in (2.8) and W a=2;20 ðDÞ is the completion of
CNc ðDÞ with respect to the norm Cðu; uÞ1=2 þ jjujjL2ðDÞ: The process Y is a Hunt
process and has Le´vy system ðN;HÞ; where Ht ¼ t; Nðx; dyÞ ¼Aðn;aÞjx 
yjðnþaÞ dy on D and Nðx; @Þ ¼ 0: A sharp two-sided Green function of Y is obtained
in [5] recently
Gðx; yÞEmin 1jx  yjna;
dDðxÞa1dDðyÞa1
jx  yjn2þa
( )
: ð2:17Þ
Using (2.17), it can be shown (see [6]) that a Borel function q on D is in SNðY Þ and
hence in KNðYÞ if
jqðxÞjpf ðxÞ þ cdDðxÞb for almost every xAD;
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where c and b are positive constants such that bo2ða 1Þ þ 2a
n
; and fX0 is a
function on D satisfying (2.9). It can be further shown (see [6]) that if F is a bounded
function on D  D satisfying the inequality
jFðx; yÞjpCjx  yjg; x; yAD ð2:18Þ
for some constants g4a and C40; then FAA2ðYÞCANðY Þ:
For a smooth measure m associated with a continuous additive functional Am and a
Borel function F on E  E that vanishes along the diagonal, deﬁne
eAmþF ðtÞ ¼ exp Amt þ
X
0ospt
FðXs;XsÞ
 !
; tX0:
For each wAE; let X w denote the Gð;wÞ-conditional process of X ; whose
lifetime, probability and expectation will be denoted as zw; Pwx and E
w
x ; respectively.
It is known that the continuous additive functional Amt of X can be regarded
as the continuous additive functional of X w with Revuz measure Gð;wÞm
with respect to the reference measure Gðx;wÞmðdxÞ for X w: We recall the
following results from [4] established there as Theorems 2.13, 3.8 and 3.10,
respectively.
Theorem 2.1. (1) (Gauge Theorem) Assume that mAK1ðX Þ and FAJNðXÞ: Then the
gauge function gðxÞ :¼ Ex½eAmþF ðzÞ is either bounded on E or identically infinity on E.
(2) (Conditional Gauge Theorem) Suppose that mAS1ðXÞ and FAANðX Þ: Then the
conditional gauge function ðx;wÞ/Ewx ½eAmþF ðzwÞ is either bounded or identically
infinity on ðE  EÞ\d:
(3) (Equivalence Theorem) Suppose that mAS1ðX Þ and FAANðXÞ: Then the
following are equivalent:
(3a) the gauge function x/Ex½eAmþF ðzÞ is bounded on E;
(3b) the conditional gauge function ðx;wÞ/Ewx ½eAmþF ðzwÞ is bounded on ðE  EÞ\d;
(3c) there is some xAD and a Borel set BCE with 0omðBÞoN such that
Ex
Z z
0
eAmþF ðtÞ1BðXtÞ dt
 	
oN:
Note that for mAS1ðX Þ and FAANðX Þ;
sup
ðx;wÞAðEEÞ\d
Ewx jAmjzw þ
X
0osozw
jFðXs;XsÞj
" #
oN
(see [4]) and therefore by Jensen’s inequality
inf
ðx;wÞAðEEÞ\d
Ewx ½eAmþF ðzwÞ > 0: ð2:19Þ
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Given mAKNðXÞ and FAJNðX Þ; we say ðX ;Am þ FÞ is gaugeable if the gauge
function gðxÞ :¼ Ex½eAmþF ðzÞ is bounded. For mASNðXÞ and FAANðXÞ; we say
ðX ;Am þ FÞ is conditionally gaugeable if the conditional gauge function uðx;wÞ ¼
Ewx ½eAmþF ðzwÞ is bounded. When F ¼ 0; we say ðX ; mÞ is gaugeable (or conditional
gaugeable) if ðX ;AmÞ is gaugeable (or conditional gaugeable).
We now give an example which illustrate that the Kato class S1ðXÞ is almost
optimal for the validity of the conditional gauge theorem. First we recall the
following result from [4, Lemma 3.9].
Lemma 2.2. Suppose that mAK1ðX Þ and FAJNðXÞ: For every Borel function fX0;
Ex
Z N
0
eAmþF ðtÞf ðXtÞ dt
 	
¼
Z
E
Gðx; yÞEyx½eAmþF ðzyÞf ðyÞmðdyÞ:
That is, Vðx; yÞ :¼ Gðx; yÞEyx½eAmþF ðzyÞ is the Green function of Lþ mHFþ m:
Example 2.4. Fix aAð1; 2Þ: Let X D and Y be the killed symmetric a-stable process
and the censored a-stable process in a bounded C1;1 open set DCRn; respectively (see
Examples 2.2 and 2.3 above). It is known from [3] that Y can be obtained from X D
by a Feynman–Kac transform through the potential kD given by (2.13). That is, for
any bounded Borel fX0 on D;
Ex½ f ðYtÞ ¼ Ex exp
Z t
0
kDðX Ds Þ ds
 
f ðXtÞ
 	
with the convention that f ð@Þ ¼ 0: We claim that kD can not be in S1ðX DÞ: This is
because by Lemma 2.2,
Eyx½ekDðzyÞ ¼
Gðx; yÞ
GDðx; yÞ; x; yAD;
where GD and G are the Green functions of X
D and Y ; respectively. Let z denote the
lifetime of X D: From (2.14) and (2.17), we see that the conditional gauge function
ðx; yÞ/Eyx½ekDðzyÞ is strictly positive, ﬁnite but unbounded on D  D\d: So the
conditional gauge theorem is not valid for ðX D; kDÞ and therefore kD is not in S1ðX DÞ
by Theorem 2.1. Since D is a bounded C1;1 open set, kDðxÞEdDðxÞa for xAD: Thus
kD just barely misses to be in SNðX DÞ in view of (2.15) in Example 2.2 above.
Furthermore, kD cannot be in K1ðX DÞ either. Were kD be in K1ðX DÞ; there would
be a compact subset K of D such that
jjGDð1D\K kDÞjjNo1:
Let c :¼ supxAK kDðxÞoN: Since kD is the killing intensity of X inside D and since
PxðXzADÞ ¼ 1 (see, e.g., [9]), GDkD  1 on D: Thus for xAD;
GDð1D\K kDÞðxÞ ¼ 1 GDð1K kDÞðxÞX1 c GD1ðxÞ:
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Since limx-@D GD1ðxÞ ¼ 0; jjGDð1D\K kDÞjjN ¼ 1; which is a contradiction. So kD is
not in K1ðX Þ: On the other hand, since GDkD  1 on D; using Taylor’s expansion
and path integration it follows that
Ex exp
Z z
0
kDðX Ds Þ ds
  	
N on D:
Thus although kD is not in K1ðX DÞ; the gauge theorem is not violated by ðX D; kDÞ:
3. Analytic characterization
Recall that ðF;EÞ denotes the Dirichlet space of the symmetric standard Markov
process X in L2ðE;mÞ: Throughout this section, we use the convention that every
function in F is represented by its quasi-continuous version, which is unique up to
an m-polar set (cf. [17]).
In [4], the following analytic characterization of gaugeability, and therefore by
Theorem 2.1, of the conditional gaugeability, for the local Feynman–Kac transforms
is proved, extending an earlier result of Takeda [23]. Recall that the convention of
inf | ¼N is in force in this paper.
Theorem 3.1. Suppose that m is a signed smooth measure in KNðX Þ: Then ðX ; mÞ is
gaugeable if and only if
inf
uAF
Eðu; uÞ þ R
E
uðxÞ2 mðdxÞR
E
uðxÞ2 mþðdxÞ 41: ð3:1Þ
Recently Takeda and Uemura [24] showed the following result, which says that the
Hahn decomposition of m into mþ  m is not essential in the characterization of
(3.1). Their proof is analytic. Here we provide a probabilistic proof.
Proposition 3.2. Suppose that m is a signed smooth measure in KNðXÞ and nAKNðXÞ
is a non-negative smooth measure. Then (3.1) holds if and only if
inf
uAF
Eðu; uÞ þ R
E
uðxÞ2 ðm þ nÞðdxÞR
E
uðxÞ2 ðmþ þ nÞðdxÞ 41: ð3:2Þ
Proof. Let B and C be the PCAFs corresponding to Revuz measures mþ þ n and
m þ n; respectively. Then At ¼ Bt  Ct is the continuous additive functional of X
with Revuz measure m: Let Y be the subprocess of X killed at rate m þ n; in other
words, Y is obtained from X through Feynman–Kac transform eCt : It is known
(cf. [17]) that Y is a symmetric process, which is clearly transient and irreducible.
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The Dirichlet form for Y is ðEY ;FÞ; where
EY ðf ; f Þ ¼ Eðf ; f Þ þ
Z
E
f ðxÞ2ðm þ nÞðdxÞ for fAF: ð3:3Þ
By Fitzsimmons and Getoor [16] X and Y have the same class of smooth measures,
in particular B can be viewed as the continuous additive functional of Y with Revuz
measure mþ þ n: It is clear that the Green function GY of Y satisﬁes GYpG:
Therefore, mþ þ nAKNðX ÞCKNðY Þ: By 62 of Sharpe [20] and integration by parts,
EYx ½eBz  ¼Ex
Z z
0
eBs dðeCsÞ þ eBzeCz
 	
¼ Ex
Z z
0
eCs d eBs
 	
þ 1
¼ 1þ Ex
Z z
0
eAðtÞdBt
 	
: ð3:4Þ
If EYx ½eBz oN for some xAE; then
Ex
Z z
0
eAðtÞ dAþt
 	
pEx
Z z
0
eAðtÞ dBt
 	
oN:
Therefore by Corollary 2.9 of Chen [4], ðX ; mÞ is gaugeable. Conversely if ðX ; mÞ is
gaugeable, by Theorem 5.4 in [4], there is some e40 such that
sup
xAE
Ex sup
tpz
eAðtÞ
 !1þe24
3
5oN
and that the conjugate q of 1þ e is an integer (that is, q ¼ 1þ e1 is an integer). Note
that supxAE Ex½Bz ¼ jjGðmþ þ nÞjjNoN: By path integration,
sup
xAE
Ex½Bqz pq!jjGðmþ þ nÞjjqNoN:
This implies that
Ex
Z z
0
eAðtÞdBt
 	
p Ex sup
tpz
eAðtÞ
 !1þe24
3
5
0
@
1
A
1=ð1þeÞ
ðEx½Bqz Þ1=qoN:
Hence by (3.4) EYx ½eBz oN: So ðX ; mÞ is gaugeable if and only if ðY ; mþ þ nÞ
is gaugeable. The conclusion of the proposition now follows from (3.3) and
Theorem 3.1. &
In [4] (see Theorem 2.12 and Remark 2.7 there), under the assumption that E has
ﬁnite m-mass and is Green bounded (that is, jjG1jjNoN), the following
characterization in terms of the L2 spectrum of the Schro¨dinger operator Lþ
mHFþ m for the Feynman–Kac transform eAmþF ðtÞ is given.
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Theorem 3.3. Suppose that mðEÞoN and jjG1jjNoN: Then for mAK1ðXÞ and
symmetric FAJNðX Þ; ðX ;Am þ FÞ is gaugeable if and only if
inf
uAF
Eðu; uÞ  R
EEðeFðx;yÞ  1ÞuðxÞuðyÞNðx; dyÞmHðdxÞ 
R
E
uðxÞ2mðdxÞR
E
uðxÞ2mðdxÞ 40:
Although the above result is very useful when conditions mðEÞoN and
jjG1jjNoN are satisﬁed, it is not applicable to many processes such as symmetric
stable processes in Rn: We now present and prove the main result of this paper.
Theorem 3.4. Suppose that m is a signed smooth measure in KNðX Þ and that
FAA2ðXÞ is a symmetric function. Let F1ðx; yÞ :¼ eFðx;yÞ  1 and mFþ
1
ðdxÞ :¼R
E
Fþ1 ðx; yÞNðx; dyÞmHðdxÞ: ðX ;Am þ FÞ is gaugeable if and only if
inf
uAF
Eðu; uÞ  R
EE uðxÞuðyÞF1ðx; yÞNðx; dyÞmHðdxÞ þ
R
E
uðxÞ2 ðm þ mFþ
1
ÞðdxÞR
E
uðxÞ2ðmþ þ mFþ
1
ÞðdxÞ 41:
ð3:5Þ
Remark 3.1. Note that since Nðx; dyÞmHðdxÞ is a symmetric measure and
mjF1jðdxÞ :¼
Z
E
jF1ðx; yÞjNðx; dyÞmHðdxÞ
is a measure in SNðX ÞCKNðX Þ: Hence by (2.2) for every uAF;R
E
uðxÞ2mjF1jðdxÞoN and it follows from the Cauchy–Schwartz inequalityZ
EE
juðxÞuðyÞF1ðx; yÞjNðx; dyÞmHðdxÞp
Z
E
uðxÞ2mjF1jðdxÞoN:
So each term inside (3.5) is well deﬁned.
Proof of Theorem 3.4. Note that F1 is in A2ðXÞ and is bounded below away from 1:
Using the Le´vy system of X ; we see that
t/
X
0ospt
F1ðXs;XsÞ 
Z t
0
Z
E
F1ðXs; yÞNðXs; dyÞ dHs
is a local martingale. Its Doleans-Dade exponential is
Mt ¼ exp 
Z t
0
Z
E
F1ðXs; yÞNðXs; dyÞ dHs
 Y
spt
ð1þ F1ðXs;XsÞÞ
¼ exp
X
spt
lnð1þ F1ðXs;XsÞÞ 
Z t
0
Z
E
F1ðXs; yÞNðXs; dyÞ dHs
 !
ð3:6Þ
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¼ exp
X
spt
FðXs;XsÞÞ 
Z t
0
NF1ðXsÞdHs
 !
; ð3:7Þ
where NF1ðxÞ :¼
R
E
F1ðx; yÞNðx; dyÞ: We claim that Mt is a uniformly integrable
martingale with respect to the ﬁltration fFtgtX0 under Px for every xAE; where
fFt; tX0g is the usual ﬁltration generated by the process X : This can be veriﬁed as
follows. Since Mt is a positive local martingale, it is a supermartingale and so
Ex½Mzp1 for every xAE: As FAA2ðX Þ; we have
sup
xAE
Ex
X
spz
jFðXs;XsÞj þ
Z z
0
NjF1jðXsÞdHs
" #
:¼ boN:
Using the strong Markov property and Jensen’s inequality, one can easily check that
ExðMzM1t jFtÞXeb; which implies that t-Mt is a uniformly integrable
martingale. Let Y be the strong Markov process obtained from X through the
pure jump Girsanov transform M; that is, the transition semigroup of Y is given by
Qtf ðxÞ :¼ Ex½Mtf ðXtÞ:
By Theorem 4.6 in [9], Y is a symmetric Markov process on L2ðE;mÞ with Dirichlet
space ðEY ;FÞ; where
EY ðf ; f Þ ¼Eðf ; f Þ 
Z
EE
f ðxÞf ðyÞF1ðx; yÞNðx; dyÞmHðdxÞ þ
Z
E
f ðxÞ2mF1ðdxÞ
¼Eðf ; f Þ þ 1
2
Z
EE
ðf ðxÞ  f ðyÞÞ2F1ðx; yÞNðx; dyÞmHðdxÞ: ð3:8Þ
It is proved in [10] that there is a constant c41 such that
c1 Gðx; yÞpVðx; yÞpc Gðx; yÞ;
where G and V are the Green functions of X and Y ; respectively. Hence mAKNðYÞ
and mF1ASNðYÞ: Note that for tX0;
eAmþF ðtÞ ¼ exp Amt þ
X
0ospt
FðYs;YsÞ
 !
¼Mtexp Amt þ
Z t
0
NF1ðXsÞ dHs
 
¼ Mt exp AmþmF1t
 
:
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For each ﬁxed k40; by 62 of Sharpe [20],
EQx ½k4eAmþmF1 ðzÞ ¼Ex
Z z
0
k4e
A
mþmF1 ðsÞðdMsÞ þ k4eAmþmF1 ðzÞMz
 	
¼Ex½k4eAmþmF1 ðzÞMz:
Passing k-N; we have
EQx ½eAmþmF1 ðzÞ ¼ Ex½eAmþF ðzÞ: ð3:9Þ
Note that it follows from the proof of Lemma 4.4 in [15] that if At is a PCAF of X
with Revuz measure n; then the Revuz measure for A as a PCAF of Y is n as well. So
by (3.9) ðX ;Am þ FÞ is gaugeable if and only if ðY ; mþ mF1Þ is gaugeable. The latter,
by Theorem 3.1 and Proposition 3.2, is equivalent to
inf EY ðu; uÞ þ
Z
E
uðxÞ2ðm þ mF
1
ÞðdxÞ : uAF

with
Z
E
uðxÞ2ðmþ þ mFþ
1
ÞðdxÞ ¼ 1

41:
Thus by (3.8), ðX ; mþ FÞ is gaugeable if and only if
inf Eðu; uÞ 
Z
EE
uðxÞuðyÞF1ðx; yÞNðx; dyÞmHðdxÞ

þ
Z
E
uðxÞ2ðm þ mFþ
1
ÞðdxÞ : uAF
with
Z
E
uðxÞ2ðmþ þ mFþ
1
ÞðdxÞ ¼ 1

41:
This completes the proof. &
Theorem 3.4 together with Theorem 2.1(3) gives an analytic characterization of
the conditional gaugeability for non-local Feynman–Kac transform eAuþF :
Before presenting an example, let us recall the deﬁnition of Stieltjes exponential
ExpðKÞt of a right continuous increasing function Kt on Rþ with K0 ¼ 1: ExpðKÞt is
the unique solution Zt of
Zt ¼ 1þ
Z
ð0;t
ZsdKs; t40:
By (A4.17) of Sharpe [20],
ExpðKÞt ¼ eK
c
t
Y
0ospt
ð1þ DKsÞ;
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where DKs ¼ Ks  Ks and Kct denotes the continuous part of Kt: Clearly,
expðKtÞXExpðKÞt with the equality holds if and only if Kt is continuous. The
reason of ExpðKÞt being called the Stieltjes exponential of Kt is that by Dole´ans-
Dade [14] it can be expressed as
ExpðKÞt ¼ 1þ
XN
n¼1
Z
ð0;t
dKtn
Z
ð0;tn
dKtn1?
Z
ð0;t2
dKt1 : ð3:10Þ
The advantage of using Stieltjes exponential ExpðKÞt over the regular exponential
expðKtÞ is that the Khasminskii’s inequality continuous to hold for Stieltjes
exponentials in view of (3.10). It states as follows. If supxAE Ex½Kto1; then (see
[25, Lemma 2.1])
Ex½ExpðKÞtp
1
1 supxAE Ex½Kt
: ð3:11Þ
Example 3.1. Suppose that X D is the symmetric a-stable process in a bounded C1;1-
open set D in Rn with aAð0; 2Þ and nX2: Fix b4a and for each lX0; let F ðlÞðx; yÞ ¼
lnð1þ ljx  yjbÞ for x; yAD: Clearly, F ðlÞAA2ðX DÞ by Example 2.2. We claim that
there is a l0Að0;NÞ so that ðX D;F ðlÞÞ is conditionally gaugeable (or equivalently,
gaugeable) if and only if lol0:
Let F
ðlÞ
1 ðx; yÞ :¼ eF
ðlÞðx;yÞ  1 ¼ l jx  yjb for x; yAD: Then eF ðlÞ ðtÞ ¼
ExpðPspt F ðlÞ1 ðXs;XsÞÞ: As F ðlÞ1 ¼ lF ð1Þ1 and F ð1Þ1 AA2ðX Þ; we have
supxADEx½
P
spz jF ð1Þ1 ðXs;XsÞjoN and so it follows from the Khasminskii’s
inequality (3.11) that there is an e40 such that for loe;
sup
xAD
Ex½eF ðlÞ ðzÞ ¼ sup
xAD
Ex Exp
X
spz
F
ðlÞ
1 ðXs;XsÞ
 !" #
oN: ð3:12Þ
Recall the Dirichlet form ðE;FDÞ of X D and the Le´vy system ðNðx; dyÞ;HÞ for X D from
Example 2.2. By Theorem 3.4, ðX D;F ðlÞÞ is gaugeable if and only if (3.5) holds, with F ðlÞ1
in place of Fþ1 there. That is, ðX D;F ðlÞÞ is gaugeable if and only if LðlÞ41; where
LðlÞ :¼ inf Eðu; uÞ þ 1
2
Z
EE
lðuðxÞ  uðyÞÞ2F ð1Þ1 ðx; yÞNðx; dyÞ dx : uAFD

with l
Z
D
uðxÞ2mF ð1Þ ðdxÞ ¼ 1

¼ inf l1Eðu; uÞ þ 1
2
Z
EE
ðuðxÞ  uðyÞÞ2F ð1Þ1 ðx; yÞNðx; dyÞ dx : uAFD

with
Z
D
uðxÞ2mFð1ÞðdxÞ ¼ 1

; ð3:13Þ
ARTICLE IN PRESS
Z.-Q. Chen / Journal of Functional Analysis 202 (2003) 226–246 243
which is decreasing in l: By (3.12),
l0 ¼ supflX0: LðlÞ41g40:
On the other hand, since D is a bounded C1;1-domain, there are positive constants
c1oc2 such that
c1dxpmF ð1Þ
1
ðdxÞpc2 dx on D:
As b4a; it is easy to see that constant function 1 can be approximated by smooth
functions un with compact support in D under the norm
Z
DD
ðuðxÞ  uðyÞÞ2
jx  yjnþab
dx dy
 !1=2
þjjujjL2ðDÞ:
Hence,
inf
1
2
Z
EE
ðuðxÞ  uðyÞÞ2F ð1Þ1 ðx; yÞNðx; dyÞ dx : uAF

with
Z
D
uðxÞ2m
F
ð1Þ
1
ðdxÞ ¼ 1

¼ 0:
This implies that l0oN: Note that Lðl0Þ cannot be strictly larger than 1 since
otherwise by (3.13) and a scaling argument there would be a l4l0 such that
LðlÞ41; which is a contradiction. This proves our claim.
Remark 3.2. (1) The conclusion in Example 3.1 holds for F˜ðlÞðx; yÞ :¼ ljx  yjb for
x; yAD and zero elsewhere, where b4a: This is because F˜ðlÞAA2ðX DÞ; using Taylar
expansion, the Khasminskii’s inequality (3.11) and the fact that D is bounded, one
can show that there is an e40 such that the gauge function gl is bounded for every
loe; where
glðxÞ :¼ Ex exp
X
soz
F˜ ðlÞðXs;XsÞ
 !" #
:
On the other hand, for l40; F˜ðlÞ ¼ eF ðlÞ  1XF ðlÞ: So when l is large enough the
gauge function gl is identically inﬁnite on D: As l/glðxÞ is increasing, there is a
l0Að0;NÞ such that ðX D; F˜ðlÞÞ is gaugeable if and only if lol0:
(2) The same argument and conclusion of Example 3.1 hold with X D being
replaced by the censored a-stable process Y in D with aAð1; 2Þ in Example 2.3, or by
a symmetric a-stable process X in Example 2.1 with F bounded, symmetric and
satisfying condition (2.11).
(3) In Example 3.1 if we let F be a signed symmetric function in A2ðX DÞ so that mF1
is a truly signed measure and deﬁne F ðlÞ :¼ l F ; a similar argument shows that there
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are two ﬁnite constants l1o0ol2 so that ðX D;F ðlÞÞ is conditionally gaugeable (or
equivalently, gaugeable) if and only if lAðl1; l2Þ (cf. [24, Example 4.2]).
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